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Abstract 
A reduction and recovering methods of degree-of-freedom in structural dynamic analysis is proposed.  Reduction of 
degree-of-freedom in structural dynamic analysis could saves computing time and cost for doing the analysis.  
Therefore, it is important to seek for a simple dynamic analysis method which can be used for practical design.  The 
results of numerical studies showed that the reduction into an equivalent SDOF system can predict the behavior of 
the original MDOF system accurately within negligible errors.  The recovering process from the SDOF system 
computed back to their corresponding degree-of-freedom in MDOF system could be done easily. 
In this paper, the equivalent SDOF system is obtained from a reduction process of the MDOF system of a structure in 
which the nodal displacement, velocity and acceleration terms are transformed into their corresponding element strain 
fields.  The reduction scheme was conducted on the fundamental dynamic governing equation of elasticity theory by 
considering vibration characteristic in each member element. 
As a conclusion, this new strain reduction method which derived from the fundamental theory can take into account 
the history of damping characteristic history.  At the end, an example is given to show the ability of present 
proposed method, thus recommended for practical dynamic analysis design purpose. 
© 2011 Published by Elsevier Ltd.  
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1. INTRODUCTION
The work presented in this paper is a continuation of previous works which proposed a new method 
for reducing MDOF (Multi Degree of Freedom) system of lumped-masses and truss elements in FEM 
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into its equivalent SDOF (Single Degree of Freedom) system and recovering back the results of dynamic 
analysis from the equivalent SDOF to its MDOF system.  Reference (Sugiyama et al. 2008) has 
presented reduction and recovering method in lumped-mass dynamic problems.  A further improvement 
has been made to the method by transforming the displacement fields into their corresponding strain 
fields before the reduction and recovering process.  The work in (Sugiyama et al. 2009) has given a 
detail procedure for applying the reduction and recovering method for beam element by using examples. 
In present study, by following the same reduction and recovering procedure described in the references, 
the truss element is used to further verifying the applicability of the proposed method in dynamic analysis 
of structures. 
2. PLANE TRUSS ELEMENT 
The relationships between axial strains, nodal rotations and nodal displacements in the local coordinate 
system of the 2-node truss element are given as 
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where, 
T
ij iju vª¬ º¼ is a vector of nodal horizontal and vertical displacements, ijH is the axial strain, Rij
is the rotation and is the length of the truss member from node i to node j. ij
The transformation of nodal displacements from global coordinate system to the local coordinate 
system is given by 
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where, ,j i jij ij
ij ij
iX X Yc s
 
  
A A
Y
 are the cosine and sine directions of the truss member in the global 
coordinate system. 
2.1. Coordinate Transformations Rules 
Substitution of equation (2) into equation (1), results in the following relationship. 
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In the present study, transformations from displacements to strains are made in such a way to follow 
some rules and conditions defined.  Starting from two nodes transformation rule which is followed by 
consecutive substitutions, a three node transformation rule can be derived from equation (3). 
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2.1.1. Case i j , transformation rule for j io order 
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2.1.2. Case i j , transformation rule for i jo order 
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2.1.3. Case i j k  , transformation rule for order k j io o
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(6) 
Case i j k  , transformation rule for j k io o order 
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In some special cases where there are displacements which need to be included in the degree of 
freedom vector, equation (3) can be used to derive the equation.  Presuming the displacements vi and vj
need to be restrained and the relative vertical displacement ijv is to be removed.  The following 
relationship can be obtained from equation (3) 
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where, ijij
ij
s
t
c
  is the tangent direction of the truss member in the global coordinate system. 
2.1.5. Case i j , transformation rule for j io order, where ,i jv v are restrained 
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2.1.6. Case i j , transformation rule for i jo order, where ,i jv v are restrained 
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2.1.7. Case kji  , transformation rule for ij order, where ji vv , are restrained k oo
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2.1.8. Case i j k  , transformation rule for j k io o order, where ,i jv v are restrained 
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3. STRAIN REDUCTION METHOD FOR TRUSS ELEMENT 
In present Strain Reduction Method, displacements of all nodal points in the truss structure except an 
arbitrary representative node are transformed into lower order and magnitude of rotations and axial 
strains of the adjacent two trusses.  Hence, the equilibrium dynamic equation consists of only strain 
fields instead of displacement fields, except for the arbitrary representative node.  Further, after 
transforming the displacements into their strains and rotations, the higher derivatives of the strains and 
rotations can be neglected in reduction process, leaving the representative node as an SDOF system. 
3.1. Dynamic Equation of Motion 
After assembling all truss elements in a structure, displacement vector is to be transformed by 
^ ` > @^ `yTu  (13) 
where, ^ `y  is a vector consist of a representative node and element strains and rotations degree of 
freedoms and  is the transformation matrix from nodal displacements to the corresponding strain 
fields obtained from assembling all the transformation rules given in equations (4) to (12). 
> @T
From the principle of virtual work, the dynamic equation of motion in term of strains and rotations can 
be written as 
> @^ ` > @^ ` > @^ ` ^ ` 0~ xmykycym    (14) 
here, the mass, damping, stiffness, loading vector and input ground excitation are given by 
, , ,  and > @ > @ > @> @Tm T M T > @ > @ > @> @Tc T C T > @ > @ > @> @Tk T K T ^ ` > @ > @Tm T M  0x , respectively. 
> @ > @ > @, ,M C Kwhere, the matrices  are the initial mass, damping and stiffness properties of the 
structure before the transformation. 
3.2. Reduction to SDOF 
The detail procedures on the method for reducing the dynamic equation of motion given in equation 
(14) can be referred to the previous works (Sugiyama et al. 2008; Sugiyama et al. 2009). 
4. EXAMPLE 
4.1. Plane Truss Problem 
A steel plane truss supported by a pin and a roller at both legs as shown in Figure 1 is considered for 
verifying the present proposed method.  The modulus of elasticity of steel is 210 MPa, the poison’s ratio 
of 0.3 and density of 7,800 kg/m3 are used.  The vertical displacement, v, of node 5 is selected as a 
representative SDOF node.  The cross section of the member of the truss is 60.5 mm in diameter and 4.5 
mm in thickness selected from standard hollow steel pipe. The cross sectional area of 7.917 cm2 and 
second moment of inertia of 31.2 cm4 are used in the analysis. 
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Figure 1: Plane Truss Example. 
4.2. Strain Transformation Matrices 
To obtain the displacements to strains transformation matrices, the following procedure is used. 
From equation (4), the transformation matrix for  is given as 2 1o
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By following the above transformation procedures, it can be found that the right-hand-side of the 
degree of freedom vectors are now represented by axial strains, rotations members and constrained 
displacements at supports which will be eliminated later. 
After assembling process, the displacement to strain transformation matrix for the truss plane structure 
can be obtained as follow. 
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This transformation matrix is then used in the equations (13) and (14) to construct the transformed 
dynamic equation of motion before following the reduction process. 
4.3. Dynamic Properties 
An initial 5% critical ratio of Rayleigh’s damping is used in the analysis.  The eigenvalue analysis is 
conducted for the model as the MDOF system, which resulted in the first mode natural periods of 0.01 
sec.  All properties of the model used in the analyses are elastic materials. 
4.4. Time History Analysis 
Two time history analyses were conducted for comparison purposes.  The first time history analysis 
is conducted on the plane truss which is modeled by using truss elements as the MDOF system.  The 
second time history analysis is conducted on the plane truss which is already reduced to lumped-mass 
model as the SDOF system.  All models are subjected to the seismic ground acceleration of UD 
component of Kobe 1995 earthquake with maximum acceleration of 332.2 gal and recoded at time 
interval 0.01 sec of 1550 data. 
4.5. Results and Conclusions 
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The results of both models used in the time history analysis are compared.  The comparisons are 
made between the result from displacement of the lumped-mass SDOF system and at the vertical 
displacement of node 5 which is the representative degree of freedom of the plane truss MDOF system.  
Figure 2 shows the comparisons of both models in displacement time history.  The discrepancies 
observed from the maximum displacement results are within 0.3% maximum errors which is negligibly 
small.  Hence, the error shows the applicability of the present reduction method within small 
discrepancies, thus recommended for practical design purpose. 
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Figure 2: Results of comparison between MDOF and SDOF systems. 
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